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We show how a generalized kind of chiral symmetry can be used to construct highly-efficient
reservoir engineering protocols for bosonic lattices. These protocols exploit only a single squeezed
reservoir coupled to a single lattice site; this is enough to stabilize the entire system in a pure,
entangled steady state. Our approach is applicable to lattices in any dimension, and does not rely
on translational invariance. We show how the relevant symmetry operation directly determines the
real space correlation structure in the steady state, and give several examples that are within reach
in several one and two dimensional quantum photonic platforms.
Pure quantum states with non-classical properties such
as entanglement or squeezing play an important role
in quantum computing and communication, and robust
methods for their preparation are an important resource.
One powerful general approach is reservoir engineering
[1, 2], where carefully tailored dissipation is used to pre-
pare and stabilize non-trivial quantum states. Reservoir
engineering of a few degrees of freedom is by now a well-
established technique, and has been implemented exper-
imentally in a range of systems spanning atomic physics,
quantum optics, superconducting circuits and optome-
chanics (see e.g. Refs. 3–8).
Dissipative state stabilization methods can also be for-
mulated for lattice systems having many degrees of free-
dom, potentially allowing the preparation of correlated
and even topological states [9–16]. Such proposals are
typically resource intensive: they usually require inde-
pendent engineered reservoirs at every site or highly non-
local dissipators that are difficult to construct. Given
this, attention has recently focused on methods employ-
ing just a single, localized engineered reservoir to stabilize
pure correlated states of a lattice. Previous studies have
focused on one-dimensional (1D) systems, and consid-
ered specific examples [17], as well as general parameter-
izations of achievable steady states [18–20]. Despite this
impressive work, simple physical principles determining
when such a local reservoir engineering approach is pos-
sible are lacking, as is treatment of higher-dimensional
systems.
In this Letter, we address this problem. We demon-
strate how symmetry can be a powerful tool for engineer-
ing a wide range of systems where a single, locally cou-
pled reservoir is able to stabilize a non-trivial pure quan-
tum state of a lattice. We focus on a lattice of bosonic
sites coupled to a squeezed reservoir at just a single site.
We show that if the lattice possesses a generalized chiral
symmetry and no dark modes, the local reservoir relaxes
the system into a pure steady state with a non-zero den-
sity, and correlation and entanglement properties directly
related to the nature of the symmetry, and not dependent
�����������������
FIG. 1. Schematic of the system: bosons hop between sites
n of an arbitrary lattice, as described by a Hamiltonian with
hopping matrix elements Jm,n and on-site potentials Vn. One
site of the lattice (denoted n0, marked in black) is coupled to
a squeezed vacuum reservoir (giving rise to a local damping
rate Γ).
on further details of the system’s eigenmodes.
The understanding of the steady state in terms of
the symmetry of the non-dissipative lattice Hamiltonian
paves the way for custom design of lattice systems to
be used in the preparation of a variety of many-mode
steady states, as we demonstrate in several examples.
Such states are particularly useful in continuous-variable
and one-way quantum computation [21]. The results we
present are directly applicable to a number of experi-
mental platforms. In particular, experiments in super-
conducting circuits have recently demonstrated all the
required elements for our approach, including the con-
struction of non-trivial lattice structures [22–24] and the
ability to couple strongly to a squeezed vacuum reservoir
[25–28].
I. MODEL
We start by considering bosons hopping on an arbi-
trary d-dimensional lattice of sites (see Fig. 1), as de-
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2scribed by a generic tight-binding Hamiltonian:
Hˆ =
∑
m,n
Hm,naˆ
†
maˆn
=
∑
n
Vnaˆ
†
naˆn +
∑
m6=n
Jm,naˆ
†
maˆn
(1)
Here aˆn (aˆ
†
n) is the annihilation (creation) operator for
a boson on site n, Jm,n = J
∗
n,m is the hopping strength
between sites m,n, and Vn is the potential on site n.
Summations are over all N sites in the lattice. Note that
we do not assume translational invariance.
We take a single “drain” site, n0, to be linearly coupled
to a squeezed zero-temperature Markovian reservoir. In
a photonic realization of our system, where each site is
a cavity, this simply corresponds to driving site n0 with
broadband squeezed vacuum noise. We use the standard
input-output treatment of the resulting dissipation [29],
yielding the Heisenberg-Langevin equations of motion
˙ˆan = −i
[
aˆn, Hˆ
]
− δn,n0
(
Γ
2 aˆn0 −
√
Γζˆ
)
. (2)
The rate Γ parameterizes the strength of the coupling to
the reservoir and the operator ζˆ describes the squeezed
vacuum fluctuations associated with it. This is operator-
valued Gaussian white noise, with correlators
〈ζˆ†(t)ζˆ(t′)〉 = δ(t− t′)N , 〈ζˆ(t)ζˆ(t′)〉 = δ(t− t′)M,
N = sinh2 r, M = eiφ cosh r sinh r,
(3)
where r (φ) is the squeezing parameter (angle).
Diagonalizing our tight-binding Hamiltonian yields
Hˆ =
∑
i
εibˆ
†
i bˆi, bˆ
†
i =
∑
n
ψi[n]aˆ
†
n, (4)
where bˆi annihilates an energy eigenmode with mode en-
ergy εi and wavefunction ψi[n]. Without loss of general-
ity, we label the modes so that εi+1 ≥ εi. Including the
coupling to the reservoir, the equations of motion in the
energy eigenmode basis take the form
˙ˆ
bi = −i
∑
j
Ai,j bˆj + e
−iϕi
√
Γ¯iζˆ, (5)
where ϕi = arg(ψi[n0]), Γ¯i = |ψi[n0]|2Γ is the magnitude
of the coupling between mode i and the reservoir, and the
dynamical matrix Ai,j is given by
Ai,j = δi,jεi − iei(ϕj−ϕi) 12
√
Γ¯iΓ¯j . (6)
II. ENSURING A UNIQUE STEADY STATE
The dynamics described by Eq. (5) are controlled by
the complex eigenvalues λ of the matrix A. Note first
that energy eigenmodes having a node at the drain site
are completely unaffected by the dissipation, and thus
yield λ = εi. Such dark modes are a generic feature of
Hamiltonians possessing degenerate spectra, as one can
construct a basis for each M -fold degenerate subspace
consisting of a single “bright” mode which couples to the
bath, and M − 1 uncoupled “dark” modes.
The coupling to the reservoir will both mix and cause
decay of the bright energy eigenmodes. The resulting dy-
namical matrix eigenvalues can be written as λ = ν − iγ2 ,
where ν, γ are real solutions of the equation (see Ap-
pendix A)
∑
j
Γ¯j
2
γ
2 + i(ν − εj)
= 1. (7)
Examining the real part of this condition, we immedi-
ately find that all bright eigenmodes have relaxation rates
γ > 0. Thus the “bright” portion of the Hilbert space
will relax to a unique steady state. In combination with
the dark modes retaining their initial configuration this
determines the system’s final state.
A unique steady state is desirable for most applications
of reservoir engineering. There are two common sources
of dark modes. Real space symmetries may result in a
large number of modes having a node at high-symmetry
sites (e.g. anti-symmetric modes have nodes at the cen-
tral site of a square lattice). These can be avoided by
not placing the drain on these sites. A second source
of dark modes is degeneracies in the spectrum, as dis-
cussed above. These can be removed by adding terms
like an on-site potential which respects the system’s chi-
rality. We discuss this further below Eq. (12). Outside
of these sources, a quadratic Hamiltonian will generically
have few ( N) or no dark modes at any drain site, and
the final state’s correlation structure will be dominated
by the engineered reservoir as long as their initial popu-
lation is not too high. In what follows, we assume that
these conditions are met and there are no dark modes.
We will provide several concrete examples showing that
these conditions are indeed achievable in realistic models.
III. CHIRAL SYMMETRY AND THE STEADY
STATE
While the absence of dark modes ensures a unique
steady state, it does not ensure that this state will be
pure (see Appendix B). We find, however, that we can
guarantee a pure steady state by imposing a simple sym-
metry requirement on our system: the existence of a gen-
eralized chiral symmetry which leaves the drain site in-
variant. More explicitly, we require the eigenmodes of Hˆ
to come in pairs of opposite energy and equal wavefunc-
tion amplitude at the drain,
ε−i = −εi, |ψ−i[n0]| = |ψi[n0]|. (8)
Here we have indexed the modes i ∈ {−N2 , ..., N2 }.
3The above spectral structure arises in a large variety of
tight-binding models, including disordered systems, and
is often associated with a sublattice symmetry. For exam-
ple, in the absence of any on-site potential, it is present
in a 1D lattice with (arbitrary, possibly random) near-
est neighbor hopping, and more generally in any system
with a bipartite hopping structure [30]. Other examples
include the SSH model in 1D [31], and in two dimensions
graphene band structure [32] and the Hofstadter model
[33].
To understand how the chiral structure in Eq. (8)
constrains the steady state, we first note that this
structure ensures that Hˆ is invariant under any two-
mode squeezing (or Bogoliubov) transformation that
mixes eigenmode operators bˆi and bˆ
†
−i. We thus
define a new set of canonical annihilation operators
βˆi = cosh r bˆi − ei(φ−ϕi−ϕ−i) sinh r bˆ†−i. Note that the
definition of these modes depends both on the proper-
ties of the squeezed reservoir (through r and φ), and on
the position of the drain (through ϕi and ϕ−i).
Using Eq. (5), we find these new quasiparticle opera-
tors obey the equations of motion
˙ˆ
βi = −i
∑
j
Ai,j βˆj + e
−iϕi
√
Γ¯iξˆ
+ (|ψi[n0]| − |ψ−i[n0]|)
[
(· · ·)βˆ†j + (· · ·)ξˆ† +· · ·
]
.
(9)
Here, ξˆ = cosh rζˆ − eiφ sinh rζˆ† is a noise operator
with correlation functions corresponding to simple
(unsqueezed) vacuum noise: 〈ξˆ(t)ξˆ†(t′)〉 = δ(t− t′),
〈ξˆ†(t)ξˆ(t′)〉 = 〈ξˆ(t)ξˆ(t′)〉 = 0.
The invariance of the drain site under the generalized
chiral symmetry (c.f. Eq. (8)) ensures that the second line
of Eq. (9) vanishes. We thus find that the new βˆi modes
evolve with the same dynamical matrix as the original
modes, but the noise term now corresponds to simple
vacuum noise. As the dynamical matrix is unchanged,
we again have no dark modes. Further, as the dynamical
matrix corresponds to simple hopping and local damp-
ing, the unique steady state is the joint vacuum of all βˆi
modes. This steady state yields non-trivial correlations
between the original energy eigenmodes:
〈bˆ†i bˆj〉 = δi,jN , 〈bˆibˆj〉 = δi,−je−i(ϕi+ϕ−i)M. (10)
Thus, the single, locally-coupled squeezed reservoir leads
to a pure steady state where each pair of ε,−ε energy
eigenmodes is in a pure two-mode squeezed state with
squeezing parameter r.
In real space, the steady state has a uniform average
photon number on each site, an absence of any beam-
splitter correlations, and non-trivial pattern of anoma-
lous correlators:
〈aˆ†maˆn〉 = δm,nN , 〈aˆmaˆn〉 = σm,nM,
σm,n =
∑
j
e−i(ϕj+ϕ−j)ψj [n]ψ−j [m].
(11)
The pattern of correlations depends explicitly on the po-
sition of the drain site via the phases ϕj . One always
finds that σm,n0 = δm,n0 , implying that the drain site is
in a pure squeezed state and unentangled with the rest
of the lattice.
IV. CONNECTION TO SYMMETRY
OPERATIONS
We see that all the non-trivial correlation structure
of the pure steady state is contained in the matrix σ.
While its formal definition in terms of eigenmodes may
seem opaque, it has a simple physical meaning: it di-
rectly defines a symmetry operation on H. More explic-
itly, the real-space tight-binding Hamiltonian matrix H
(c.f. Eq. (1)) satisfies (see Appendix C):
σ† ·H · σ = −H∗, σm,n0 = δm,n0 . (12)
The unitary (and symmetric) matrix σ thus maps H
to −H∗. At the level of operators, this equation can be
expressed as
UˆHˆ+ HˆUˆ = 0. (13)
The operator Uˆ is most easily understood in the case
where H has time reversal symmetry, such that we can
work in a gauge where H = H∗, and where the eigen-
mode wavefunctions are real. In this case, Uˆ is a unitary
symmetry operator associated with the chiral symmetry
of the Hamiltonian,
Uˆ → Sˆ : SˆaˆmSˆ−1 =
∑
n
σm,naˆn. (14)
and the anomalous correlators in real space are simply
the matrix elements of the chiral symmetry operator.
In the more general case where time-reversal symme-
try is broken, the relevant symmetry is a particle-hole
transformation:
Uˆ → Cˆ : CˆaˆmCˆ−1 =
∑
n
σm,naˆ
†
n. (15)
We confirm that this definition satisfies Eq. (13) in Ap-
pendix D. We again have that the pattern of anomalous
correlations in the steady state is directly set by the real-
space matrix elements of the particle-hole symmetry op-
erator.
The upshot of our analysis is that the generalized chi-
ral structure of H does more than ensure a pure steady
state: the corresponding symmetry operation directly de-
termines its pattern of correlations. Thus, one does not
need knowledge of all the eigenmodes to understand the
steady state, and simply identifying the relevant sym-
metry operation is enough. This provides a powerful
and very general principle for engineering steady states
with the desired correlation patterns. Because it is linear,
Eq. (12) also allows us to modify the system while retain-
ing chiral symmetry. For instance, any diagonal matrix
which obeys Eq. (12) represents a set of on-site poten-
tials that can be added to the system without changing
4its steady state. Such terms can be useful in removing
unwanted dark modes.
We now go on to provide several examples of systems
with a generalized chiral symmetry.
V. CHIRAL SYMMETRY FROM BIPARTITE
HOPPING
Consider first a system with time-reversal symmetry,
vanishing on-site energies and hopping terms that con-
nect two distinct sub-lattices, with Hamiltonian
Hˆ =
∑
a∈A,b∈B
Ja,b
(
aˆ†aaˆb + aˆ
†
baˆa
)
, (16)
for a real Ja,b and some partition of the sites, A∩B = ∅.
The system has a unitary chiral symmetry defined by
σm,n = (−1)snδm,n, (17)
where sn = 0, 1 for n ∈ A,B respectively. A variety
of tight-binding models have this form, including all bi-
partite lattices with nearest neighbor hopping (e.g. a 1D
chain or 2D square lattice); the symmetry holds with ar-
bitrary (possibly random) matrix elements.
It follows from Eq. (11) that if we now locally cou-
ple this system to squeezed dissipation (with arbitrary
choice of drain site), it will relax into a product state
where each site is in a pure squeezed state with parame-
ters r, φ. We thus have a robust method for preparing a
lattice of squeezed states, using a single squeezing source.
Moreover, the steady state is robust against any amount
of disorder in the hopping parameters.
VI. GENERALIZED CHIRAL SYMMETRY
FROM SPATIAL INVERSION
Consider next a system where spatial inversion about
the origin takes H → −H∗. With an appropriate la-
belling of lattice sites, this symmetry corresponds to
J−n,−m = −Jm,n V−n = −Vn. (18)
Such systems formally have a particle-hole symmetry
with a symmetry matrix
σm,n = δm,−n. (19)
Note that inversion necessarily leaves the origin n = 0
invariant. Thus, if we couple the origin to our squeezed
reservoir, n0 = 0, the steady state is described by
Eq. (11) with σm,n given above. The state thus fac-
torizes into a product of two-mode squeezed states, with
each site n entangled with the site −n.
A similar result is seen in a bipartite lattice with near-
est neighbor hopping if the onsite energies are odd un-
der inversion while the hoppings satisfy J−n,−m = Jm,n.
|〈aˆmaˆn〉|/ cosh r sinh r
(a) n0 = (0, 2) (b) (2, 0) (c) (2, 2) (d) (2, 4)∣∣〈aˆ(4,1)aˆ(x,y)〉∣∣/ cosh r sinh r
(e) (0, 2) (f) (2, 0) (g) (2, 2) (h) (2, 4)
FIG. 2. Steady state correlation patterns in a 9×9 Hofstadter
lattice with plaquette flux Φ = pi
2
, for various choices of the
drain site n0. In all cases there are no dark modes, and hence
a unique pure steady state. (a)-(d): The full 81×81 matrix of
anomalous correlations 〈aˆmaˆn〉, with the axes corresponding
to an (arbitrary) labelling of the 81 lattice sites. (e)-(h): Spa-
tial pattern of correlations between site m = (4, 1) (marked
by a dashed circle) and every site on the lattice. Each panel
corresponds to a different choice of drain site. As discussed
in the main text, when n0 corresponds to a position of spa-
tial symmetry, each site is correlated with just one other site.
For other choices a complex pattern correlations emerges, as
shown in (d),(h).
Coupling the drain at the origin again leads to pure two-
mode squeezing described by σm,n = (−1)snδm,−n. In
the case of a 1D chain with uniform hopping, this corre-
sponds to the model of Ref. 17.
VII. PARTICLE-HOLE SYMMETRIES IN THE
HOFSTADTER MODEL
Consider a two-dimensional square lattice with a (syn-
thetic) flux Φ through each plaquette. Labelling the sites
via n = (x, y) with x, y ∈ (−M,M), we have:
Hˆ = −J
∑
x,y
(
aˆ†(x+1,y)aˆ(x,y) + e
iΦxaˆ†(x,y+1)aˆ(x,y) + h. c.
)
.
(20)
Such a system has recently been realized both with cou-
pled optical cavities [34], and with coupled superconduct-
ing microwave cavities [24, 35]. One can in general choose
Φ and n0 to ensure the absence of dark modes.
For any value of the flux, this system has a chiral sym-
metry Sˆ described by σ(x,y),(x′,y′) = (−1)x+yδx,x′δy,y′ .
The particle-hole symmetry Cˆ that is relevant to the
steady-state entanglement depends on the choice of drain
site and is generically nontritival. If one places the drain
site at certain positions with high spatial symmetry, it
5takes a simple form,
σ(x,y),(x′,y′) =
(−1)x+yδx,x′δy,−y′ n0 = (z, 0)
(−1)x+yδx,−x′δy,y′ n0 = (0, z)
(−1)x+yδx,y′δy,x′eiΦxy n0 = (z, z),
(21)
where z 6= 0 is arbitrary [36]. For these positions, the
steady state is a product of two-mode squeezed states
in real space; the nature of the pairing depends on the
choice of drain site. These relatively simple steady states
are shown in Fig. 2.
We stress that all of the transformations σ in Eq. (21)
are symmetries of the system, and they are closely re-
lated: in terms of energy eigenstates, they all have the
form CˆbˆiCˆ−1 = e−i(ϕi+ϕ−i)bˆ†−i. The choice of n0 deter-
mines which is relevant for calculating steady state cor-
relations. We discuss this further in Appendix E.
If we couple the reservoir at a different site, we still
obtain a pure steady state, but one that does not fac-
tor simply in real space. These states are reminiscent of
complex multi-mode Gaussian entangled states known as
cluster states (see Appendix F). One example is shown
in Figs. 2d and 2h.
VIII. ROBUSTNESS OF THE STEADY STATE
Our discussion so far has assumed perfect chirality in
the Hamiltonian. In Fig. 3 we assess the robustness
of the protocol against experimental limitations which
break this chirality. We calculate how local disorder and
internal loss reduce the amount of entanglement in the
steady state.
Our protocol’s advantage compared with more elab-
orate setups (e.g. [9]) is in its experimental simplicity.
The use of a single dissipator, however, increases the re-
laxation time of the system. This leaves the steady state
vulnerable to any processes that occur on a shorter time
scale. Figure 3b shows the result of this interplay. We
find that a large amount of entanglement survives even
when these processes occur with rates of 0.1%-1% of the
hopping rate, an experimentally realistic level in super-
conducting cavities [37] and optomechanics [38].
IX. CONCLUSION
We have developed a simple yet potentially powerful
symmetry-based approach for reservoir engineering of en-
tangled steady states of a bosonic lattice. Our approach
only employs a single, locally coupled squeezed reservoir,
and relies on the existence of chiral symmetry, something
that is present in a variety of different tight-binding mod-
els. The approach allows the preparation and stabiliza-
tion of a variety of different kinds of Gaussian entan-
gled states, and is applicable to current state-of-the-art
quantum photonic systems. In particular, experiments
10-7 10-5 10-30.1
0.2
0.5
1
2
(a) With local disorder
10-7 10-5 10-30.1
0.2
0.5
1
2
(b) With internal loss
FIG. 3. Robustness of the correlation structure depicted
in Fig. 2. We plot the entanglement per mirrored pair,
EN =
ln
√
2
N−√N
∑
x 6=y EN [(x, y), (y, x)], where EN [m,n] is the
log negativity of the two sites [39]. All results are for a 9× 9
lattice with Φ = pi
2
, n0 = (2, 2), and Γ = 3J . (a) Decay of
EN due to disorder: we add a uniformly distributed random
potential at each site, with 〈〈Vn〉〉 = Vn0 = 0 and variance as
shown. The entanglement is averaged over 20 realizations of
Vn. (b) Decay of EN due to internal loss: we add loss at rate
γ to each site.
in superconducting quantum circuits have demonstrated
all the required ingredients, including the realization of
a Hofstadter model [24], and the ability to strongly cou-
ple to a squeezed vacuum reservoir [25–28]. Our work
also suggests that symmetry-based approaches could be
a powerful way to design lattice reservoir engineering pro-
tocols in more complex systems (e.g. where interactions
and nonlinearity are also important).
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6Appendix A: Derivation of the dissipation spectrum
The evolution equations for the eigenmodes of the system are
˙ˆ
bi = −i
∑
j
Ai,j bˆj + e
−iϕi
√
Γ¯iζˆ,
Ai,j = δi,jεi − iei(ϕj−ϕi) 12
√
Γ¯iΓ¯j ,
Γ¯i = |ψi[n0]|2Γ, ϕi = arg(ψi[n0]).
(A1)
We seek the eigenmodes of A and their eigenvalues. These have
b˜ν =
∑
j
uν,j bˆj
˙˜
bν = −
(
γ
2 + iν
)
b˜i + gν ζˆ. (A2)
Calculating,
˙˜
bν =
∑
j
uν,j
[
−iεj bˆj + e−iϕj
√
Γ¯j
(
− 12
∑
l
eiϕl
√
Γ¯lbˆl + ζˆ
)]
= −
∑
j
(
1
2gνe
iϕj
√
Γ¯j + iεjuν,j
)
bˆj + gν ζˆ gν =
∑
j
uν,je
−iϕj
√
Γ¯j
˙˜
bν = −
(
γ
2 + iν
)
b˜ν + gν ζˆ = −
∑
j
(
γ
2 + iν
)
uν,j b˜j + gν ζˆ
⇒ [γ2 + i(ν − εj)]uν,j = 12gνeiϕj√Γ¯j
• A solution with γ = 0, ν = εi for some i is consistent only if Γ¯i = 0, with uν,j = δi,j and gν = 0. These are the
dark modes, which are unaffected by the dissipation.
• Otherwise, we solve for uν,j and find the self-consistency equation:
gν =
∑
j
uν,je
−iϕj
√
Γ¯j =
∑
j
gν
√
Γ¯j
2
γ
2 +i(ν−εj)
√
Γ¯j = gν
∑
j
Γ¯j
2
γ
2 +i(ν−εj)
. (A3)
Appendix B: Non-pure Steady States from Zero-Entropy Reservoir
We note in the main text, below Eq. (7), the requirement for a unique steady state is that there are no dark states
of the dissipator. We note that this guarantees a unique state but not a unique pure state, even for a zero-entropy
reservoir such as the one we use. To demonstrate this, consider a two-mode syste,
Hˆ = V2
(
aˆ†1aˆ1 − aˆ†2aˆ2
)
− J
(
aˆ†1aˆ2 + aˆ
†
2aˆ1
)
. (B1)
Choosing site n0 = 1 as the drain, we have the steady state given by
〈aˆ†1aˆ1〉 = 〈aˆ†2aˆ2〉 = sinh2 r 〈aˆ†1aˆ2〉 = 0
〈aˆ1aˆ1〉 = 4J2−ΓV4J2+V 2−iΓV 〈aˆ2aˆ2〉 = −4J
2
4J2+V 2−iΓV 〈aˆ1aˆ2〉 = 2JV4J2+V 2−iΓV
and we can calculate the purity of the state,
µ =
√
(4J2+V 2)
2
+Γ2V 2
(4J2+V 2 cosh2 2r)2+Γ2V 2 cosh2 2r
. (B2)
As expected, it is a pure state when V = 0, and we have a chiral system with |ψ+[1]| = |ψ−[1]|, or when r = 0, and
there is no squeezing. Otherwise, the steady state is a mixed state.
7Appendix C: Relation of the symmetry to the correlation matrix
The relation between the eigenmodes and the original basis is
bˆi =
∑
n
(ψi[n])
∗
aˆn aˆn =
∑
j
ψj [n]bˆj (C1)
where the wavefunctions are orthonormal,∑
n
(ψi[n])
∗
ψj [n] = δi,j
∑
i
(ψi[n])
∗
ψi[m] = δn,m. (C2)
The Hamiltonian can be written in the form
Hˆ =
∑
m,n
Hm,naˆ
†
maˆn =
∑
i
εibˆ
†
i bˆi (C3)
with the matrix relations
Hm,n =
∑
i
ψi[m]εi(ψi[n])
∗
. (C4)
In the eigenmode basis, we have at the steady state
〈bˆ†i bˆj〉 → δi,jN, 〈bˆibˆj〉 → δi,−je−i(ϕi+ϕ−i)M. (C5)
and therefore, in real space
〈aˆ†maˆn〉 =
∑
i,j
(ψi[m])
∗
ψj [n]〈bˆ†i bˆj〉 →
∑
i
(ψi[m])
∗
ψi[n]N = δm,nN (C6)
〈aˆmaˆn〉 =
∑
i,j
ψi[m]ψj [n]〈bˆibˆj〉 →
∑
i
ψi[m]ψ−i[n]e−i(ϕi+ϕ−i)M ≡ σm,nM (C7)
We then observe(
σ† ·H · σ)
m,n
=
∑
a,b
σ∗a,mHa,bσb,n
=
∑
a,b
(∑
i e
−i(ϕi+ϕ−i)ψi[a]ψ−i[m]
)∗(∑
j ψj [a]εj(ψj [b])
∗)(∑
l e
−i(ϕl+ϕ−l)ψl[b]ψ−l[n]
)
=
∑
i,j,l
ei(ϕi+ϕ−i−ϕl−ϕ−l)(ψ−i[m])
∗(∑
a(ψi[a])
∗
ψj [a]
)
εj
(∑
b(ψj [b])
∗
ψl[b]
)
ψ−l[n]
=
∑
i,j,l
ei(ϕi+ϕ−i−ϕl−ϕ−l)(ψ−i[m])
∗
δi,jεjδj,lψ−l[n]
=
∑
i
(ψ−i[m])
∗
εiψ−i[n] =
∑
i
(ψ−i[m])
∗
(−ε−i)ψ−i[n] = −H∗m,n.
Appendix D: Operator Formulation of Symmetry
We show that the transformations of Eqs. (14) and (15) satisfy Eq. (12). The Hamiltonian is, again,
Hˆ =
∑
m,n
Hm,naˆ
†
maˆn. (D1)
In the real case, we have
Uˆ → Sˆ : SˆaˆmSˆ−1 =
∑
n
σm,naˆn, (D2)
8and
UˆHˆUˆ−1 =
∑
m,n
Hm,nSˆaˆ†maˆnSˆ−1 =
∑
m,n
Hm,nSˆaˆ†mSˆ−1SˆaˆnSˆ−1
=
∑
m,n
Hm,n
(∑
m′
σ†m′,maˆ
†
m′
)(∑
n′
σn,n′ aˆn′
)
=
∑
m′,n′
(
σ† ·H · σ)
m′,n′ aˆ
†
m′ aˆn′
=
∑
m′,n′
−H∗m′,n′ aˆ†m′ aˆn′ = −
∑
m′,n′
Hm′,n′ aˆ
†
m′ aˆn′ = −Hˆ.
More generally,
Uˆ → Cˆ : CˆaˆmCˆ−1 =
∑
n
σm,naˆ
†
n, (D3)
and
UˆHˆUˆ−1 =
∑
m,n
Hm,nCˆaˆ†maˆnCˆ−1 =
∑
m,n
Hm,nCˆaˆ†mCˆ−1CˆaˆnCˆ−1
=
∑
m,n
Hm,n
(∑
m′
σ†m′,maˆm′
)(∑
n′
σn,n′ aˆ
†
n′
)
=
∑
m′,n′
(
σ† ·H · σ)
m′,n′ aˆm′ aˆ
†
n′
= TrH +
∑
m′,n′
−H†n′,m′ aˆ†n′ aˆm′ = −
∑
m′,n′
Hm′,n′ aˆ
†
m′ aˆn′ = −Hˆ.
where TrH = Tr(−H) = 0.
Appendix E: Symmetry transformations in a 2D Lattice
In the text, we discuss the the Hofstadter Hamiltonian,
Hˆ = −J
∑
x,y
(
aˆ†(x+1,y)aˆ(x,y) + e
iΦxaˆ†(x,y+1)aˆ(x,y)
)
+ h. c. (E1)
and the three real-space transformations that should be used depending on the position of the drain site,
Cˆaˆ(x,y)Cˆ−1 =
∑
x′,y′
σ(x,y),(x′,y′)aˆ
†
(x′,y′)
Cˆz,0 ⇒ σ(x,y),(x′,y′) = (−1)x+yδx,−x′δy,y′
Cˆ0,z ⇒ σ(x,y),(x′,y′) = (−1)x+yδx,x′δy,−y′
Cˆz,z ⇒ σ(x,y),(x′,y′) = (−1)x+yδx,y′δy,x′eiΦxy.
It’s important to stress that these transformations are different in real space, but very similar in their effects on the
eigenmodes. To stress this, we show the effect of these transformations at Φ = 0, where the model is exactly solvable.
We note that in the absence of a flux, Φ, the bright modes behave in much the same way as in its presence. However,
the Φ = 0 model is highly-degenerate and has many dark modes.
We take a 2D lattice of size N = 2M + 1× 2M + 1. Its eigenmodes are given by
aˆ(k,q) =
1
M+1
∑
x,y
sin[k(x+M + 1)] sin[q(y +M + 1)]aˆ(x,y) (E2)
for k, q ∈ pi2(M+1) × {1, . . . , 2M + 1}, with energies[
aˆ(k,q), Hˆ
]
= −2J(cos k + cos q)aˆ(k,q). (E3)
Note that ε(pi−k,pi−q) = −ε(k,q) and that ε(q,k) = ε(k,q).
9We note first the chiral symmetry,
Sˆaˆ(x,y)Sˆ−1 =
∑
x′,y′
(−1)x+yδx,x′δy,y′ aˆ(x′,y′) (E4)
has
Sˆaˆ(k,q)Sˆ−1 = 1M+1
∑
x,y
sin[k(x+M + 1)] sin[q(y +M + 1)](−1)x+yaˆ(x,y)
= 1M+1
∑
x,y
sin[(pi − k)(x+M + 1)] sin[(pi − q)(y +M + 1)]aˆ(x,y) = aˆ(pi−k,pi−q).
This guarantees the existence of a chiral structure and therefore particle-hole symmetries.
Next, we examine the first two particle-hole symmetries,
Cˆz,0aˆ(k,q)Cˆ−1z,0 = 1M+1
∑
x,y
sin[k(x+M + 1)] sin[q(y +M + 1)](−1)x+yaˆ†(−x,y)
= 1M+1
∑
x,y
sin[k(x−M − 1)] sin[(pi − q)(y +M + 1)](−1)x+M+1aˆ†(x,y)
= − (−1)
k/
pi
2(M+1)
M+1
∑
x,y
sin[(pi − k)(x+M + 1)] sin[(pi − q)(y +M + 1)]aˆ†(x,y)
= −(−1)k/
pi
2(M+1) aˆ†(pi−k,pi−q)
Cˆ0,zaˆ(k,q)Cˆ−10,z = −(−1)
q/
pi
2(M+1) aˆ†(pi−k,pi−q).
They both take each mode, up to a phase, to the antiparticle of its negative energy mode.
Finally, the last symmetry operator has
Cˆz,zaˆ(k,q)Cˆ−1z,z = 1M+1
∑
x,y
sin[k(x+M + 1)] sin[q(y +M + 1)](−1)x+yaˆ†(y,x) = aˆ†(pi−q,pi−k).
It takes each mode to a different mode anti-particle, still corresponding to the same negative energy. This is possible
because the zero-flux mode has the degeneracies mentioned above. The addition of flux breaks this degeneracy.
Appendix F: Connection to cluster states and H-graph states
A cluster state is a highly-entangled state of a many-qubit [40] or many-oscillator [41] system. Their high de-
gree of entanglement makes them useful resource in a variety of quantum computing and quantum communication
applications.
A continuous-variable cluster state is given by the wavefunction [42]
|ψA〉 = exp
[
i
2
∑
m,n
Amnxˆmxˆn
]
|vac〉 (F1)
where the real, symmetric matrix A is the adjacency matrix representing a graph of connections. It also has a set of
nullifiers, given by (pˆm −
∑
nAm,nxˆn)|ψA〉 = 0.
A similarly powerful state, which can be generated by pumping an optical parametric oscillator [43], is known as
an H-graph state and takes the form
|ψZ〉 = exp
[
− i2
∑
m,n
αGm,n(xˆmpˆn + pˆmxˆn)
]
|vac〉
= exp
[
1
2
∑
m,n
αGm,n
(
aˆ†maˆ
†
n − aˆmaˆn
)]|vac〉 (F2)
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where the adjacency matrix is now Z = i exp[−2αG] for some real G.
The steady state described by Eqs. (10) and (11) in the main text, which is described by
|ψσ〉 = exp
[
1
2
∑
m,n
r
(
eiφσm,naˆ
†
maˆ
†
n − e−iφσ∗m,naˆmaˆn
)]|vac〉, (F3)
can clearly be taken as an extension of the H-graph state to a complex adjacency matrix.
We note also that it has a set of nullifier states, given by
(
pˆm −
∑
n A˜m,nxˆn
)
|ψσ〉 where
A˜ =
(
I + tanh rRe
[
eiφσ
]) · (tanh rIm[eiφσ]). (F4)
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